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Overview

[l Gaussian processes for data analysis - brief intro.

B Search-and-rescue using hierarchical spatial point processes.

B Dynamic multi-layer network modeling and prediction of
flight connections.

W [Bayesian optimization with user-controlled precision.]
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Alternative title

GAUSSIAN/PROCESSIALL




Gaussian process regression

B Gaussian process regression
iid 2
vi="f(x)+e, &~ N(0,o07)
B Gaussian process prior over the space of functions

f(x) ~ GP (m(x), k(x,x"))

with squared exponential covariance function

2
k(x,x") = Cov(f(x), f(x')) = 02 exp (‘%)
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Gaussian process regression

B Model

M Prior

Yi= f(X;)+£;, E%N(O,Ug)

f(x) ~ GP (0, k(x,x"))

W Posterior of f(+) over test data X.:

foX.y, Xi ~ N(F. cov(f.))
Fo = K(X.X) (K(x, X)+ 0,2,1)_1 y
cov(F.) = K(Xu X.)— K(X., X) (K(x, X) + aﬁl) TR X))
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Search-and-rescue using spatial point processes !

T Andersson et al (2019). Real-Time Robotic Search using Structural Spatial
Point Processes. UAL
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Hierarchical Spatial Point Process

B Log Gaussian Cox Process (LGCP) for number of persons
in the region S C S.

Ny« (5)|A ~ Poisson (/ 5/\(5)d5>
log A(s) = ax +x, (s )ﬁ)ﬁ“ {f\ s)
GIS GP in 2D

B The number of detected persons by a thinned LGCP
N, (5)|r, A ~ Poisson (/ . r(s)/\(s)ds)
seS
log r(s) = x/ (s)B,

B Probability of injury for ith person at location y;
w;|qg ~ Bernoulli (q(y;)) .

q(s) _ x (s <
IOg(l—q(S)) _D‘q+ q( )ﬁq—i_gq( )

Mattias Villani GP adventures




Real-time decision making under uncertainty

B Challenges
missing data - point pattern is only partially observed
real-time sequential inference over spatial fields
real-time decision making under uncertainty

B Solutions
Strong priors based on GIS data
Warm-started INLA for inference
Tailored Monte Carlo Tree Search for decision

* UAV
o Visited
© Planned search
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Discretization of the process

B Partition spatial domain in a1 - a» rectangles with area A.

W Number of detected in region (i, /):
njj ~ Pois (Aexp(zy,j + z,ij))

I Different features in population and detection models.

B Number of detected injured in region (/,):

| Binom L
mij|nij ~ nj, ——————
il P T¥ op(~2q7)

W The latent variables z) j;, z, jj and z, j; are representative
values of log A(s), log r(s) and logit g(s) in region s;;.
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Integrated Nested Laplace Approximation (INLA)

M INLA targets models of the form
0 ~ 7t(0)
z|0 ~ N (0,Q7'(0)), Q sparse

|Z 6 HnyI’Zh

B nis the number of rectangles

M y; is number of detected or injured in rectangle i

Wz is zy jj + 2, jj or zq,;; in rectangle i (4 fixed effects « and B)
W 6 is a low-dim vector with kernel hyperparameters

B INLA approximates marginal posterior of latents

m(zly) = [ #(z10.y)7(6ly)do

by Laplace/Gaussian approx (z) and numerical integration (6).
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We find injured a lot faster
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Demo video - finding injured after terrorist attack

https://www.youtube.com/watch?v=wyDOOShF5tE&ab_
channel=MattiasVillani
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https://www.youtube.com/watch?v=wyD0O5hF5tE&ab_channel=MattiasVillani
https://www.youtube.com/watch?v=wyD0O5hF5tE&ab_channel=MattiasVillani

Airline network evolution

B Aim: Predict the evolution of airline networks over time.
B Data: Quarterly world-wide networks for american airlines.

B Model: Dynamic multi-layered networks driven by GPs.
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American data: 80 airports, 4 airlines, 40 quarters

T=1 T=2 T=10 T=39 T=40
2009Q1 2009Q2 2011Q2 2018Q3  2018Q4
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Dynamic networks driven by latent variables

B Static Bernoulli model for adjacency matrix Y
Yo (t) % Bern(r)
B Dynamic Bernoulli with global latent GP
Yo (£)|72(£) % Bern (72(t))
Logit [1(t)] = log ( ] f(;zt)) = 2(t),
z(t) ~ GP(u(t), K(t, ')
B Dynamic Bernoulli with latent GPs at nodes
Yur(£)](£) ~ Bern [t (£)]
Logit [y (t)] = z(t) — d (x, (1), %, (1)),

]
z(t) ~ GP(p(t), Kz(t', 1))
xu(t) ~ GP(uy(t), Ku(t' t)), u=1,..., N.
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Dynamic multi-layer networks

B Dynamic multi-layer Bernoulli model? for layer k =1,..., K:
Yo' (8)| i) (1) ~ Bern (i) (1))
Logit [t ()] = 2(£) = d (xu(£).x (1)) — o (0 (00" 1)),
where

» Global GP across airport and airlines: z(t)

» Airport-specific GPs, but shared across airlines: x,(t).
» Airport/Airline-specific GPs: xl(,k)(t).
B Number of GPs: 1+ N + KN for N nodes and K layers.

B Regularization is important.

2Durante et al (2017). Bayesian learning of dynamic multilayer networks, JMLR.
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Stochastic block multi-layer networks

B Stochastic block model for multi-layer networks3

Y& (8)](su = a5 = b) ~ Ben (2 (1))
Logit [”gﬁ)(t)] =z(t) — d (xa(t), xp(t)) — d (X;(,k)(t), Xt(ak)(t)) ’
Logit [ ()] = 2(1) + Bra(t) +71x (1),

sy ~ Categorical(wi, ..., wg)

M Number of GPs: 1+ B + KB for B blocks. B < N.
@ Need to learn the latent block indicators, s, for u =1, ..., N.

B Gibbs sampling via Pélya-Gamma augmentation.

3Rodriguez—Deniz et (2022). A Multilayered Block Network Model to Forecast Large Dynamic
Transportation Graphs: an Application to US Air Transport, Transportation Research C.
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Stochastic block multi-layer networks

v
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Fitting a B = 10 block multi-layer model

True

Estimated
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Predictive performance on 4 quarters test data
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Comparison to non-probabilistic SOTA
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Bayesian optimization

B Aim: maximization of expensive function
argmax,_ f(x)

B Bayesian optimization:
» Assume f ~ GP
» Evaluate f at x1,x2, ..., Xn.
» Update to posterior distribution f|f(x1), ..., f(xs) ~ GP.
» Use posterior of f to find a new x,11. Explore vs Exploit.
| 2

Iterate until convergence.

B Optimal x,11 through an acquisition function.
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Acquisition functions

B Probability of Improvement (Pl)
aPI(x) = Pl‘(f(X) > ﬂ)est)v

where fie; is the highest function value so far.

B Expected Improvement (EI) takes also into account the size
of the improvement.

@ Non-convex acquisition function optimization, but
deterministic and cheaper than original problem.

B Expected Improvement per Second - takes a known
function cost into account.
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Marginal likelihood estimated from sampling

B Marginal likelihood f(8) = Inp(Y1.7]6) often estimated by
Monte Carlo sampling.

M Noisy evaluations £(8).
B Precision of f(8) controlled via number of samples G.

B Sampling efficiency and therefore V(£(8)) varies over
0-space, particularly when 6 contains prior/regularization
hyperparameters.
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Bayesian Optimization with Optimized Precision*

B BOOP:
» Early stopping of evaluation when PI< «.

» G random - we don't know G until we visit 6.
» EIl per second, but with G predicted for every 6.

I Early stopping affects the planning of future computations.
B BOOP can try 0 with lower El, if expected to be cheap.
B Heteroscedastic GP regression model for the estimates

F(6,) = fF(6:) +ei, € S N(0,0%(G))

B GP for predicting the number of samples G:
In G,-:h(z,-)+s,- S,'ifi\(JiN(O,lp2),

where z are variables with predictive power for G, e.g. the
hyperparameter values themselves, or M(6) — fax.

4Gustafsson et (2022). Bayesian Optimization of Hyperparameters when the Marginal Likelihood is
Estimated by MCMC, arXiv.
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BOOP in action - one example run

El BOOP-EI

-
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Bayesian VAR - BOOP finds estimates quicker

B 7 variable steady-state BVAR on US data.
B Gibbs sampling with Chib’s marginal likelihood estimator.
B BO to find optimal prior hyperparameters:

» Standard deviation first lag (A1 > 0)

» Cross-equation shrinkage (0 < Ay < 1)

» Lag length decay (A3 > 0)

Log marginal likelihood

- — Bo-gl
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